ON HIGHER ORDER ESTIMATES IN QUANTUM 
ELECTRODYNAMICS 



OLIVER MATTE 

Abstract. We propose a new method to derive certain higher order esti- 
mates in quantum electrodynamics. Our method is particularly convenient 
in the application to the non-local semi-relativistic models of quantum elec- 
trodynamics as it avoids the use of iterated commutator expansions. We 
re-derive higher order estimates obtained earlier by Frohlich, Griesemer, and 
Schlein and prove new estimates for a non-local molecular no-pair operator. 



1. Introduction 

The main objective of this paper is to present a new method to derive higher 
order estimates in quantum electrodynamics (QED) of the form 

(1.1) \\H'^'^ {H + Cy'^\\ ^ const < oo, 

(1.2) II , H]{H + C)-"/2 II ^ const < oo , 

for all n G N, where C > is sufficiently large. In these bounds iff denotes the 
radiation field energy of the quantized photon field and H is the full Hamil- 
tonian generating the time evolution of an interacting electron-photon system. 
For instance, estimates of this type serve as one of the main technical ingredi- 
ents in the mathematical analysis of Rayleigh scattering. In this context, (11. ip 
has been proven by Frohlich et al. in the case where H is the non- or semi- 
relativistic Pauli-Fierz Hamiltonian [1]; a slightly weaker version of (11.21) has 
been obtained in |1] for all even values of n. Higher order estimates of the form 
(II. ip also turn out to be useful in the study of the existence of ground states 
in a no-pair model of QED P|. In fact, they imply that every eigenvector of 
the Hamiltonian H or spectral subspaces of H corresponding to some bounded 
interval are contained in the domains of higher powers of Hf. This information 
is very helpful in order to overcome numerous technical difficulties which are 
caused by the non-locality of the no-pair operator. In these applications it is 
actually necessary to have some control on the norms in (II. ip and (II. 2p when 
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the operator H gets modified. To this end we shall give rough bounds on the 
right hand sides of fll.ip and fll.2p in terms of the ground state energy and 
integrals involving the form factor and the dispersion relation. 

Various types of higher order estimates have actually been employed in the 
mathematical analysis of quantum field theories since a very long time. Here we 
only mention the classical works [5l HI] on P{(f))2 models and the more recent 
articles [2J again on a P{(f))2 model and [1] on the Nelson model. 

In what follows we briefly describe the organization and the content of the 
present article. In Section |2] we develop the main idea behind our techniques in 
a general setting. By the criterion established there the proof of the higher order 
estimates is essentially boiled down to the verification of certain form bounds 
on the commutator between H and a regularized version ofi/"/^ After that, 
in Section |3l we introduce some of the most important operators appearing in 
QED and establish some useful norm bounds on certain commutators involving 
them. These commutator estimates provide the main ingredients necessary to 
apply the general criterion of Section [2] to the QED models treated in this 
article. Their derivation is essentially based on the pull-through formula which 
is always employed either way to derive higher order estimates in quantum 
field theories PQ 121 IH El IH] ; compare Lemma IX^ below. In Sections IH El and El 
the general strategy from Section |2] is applied to the non- and semi-relativistic 
Pauli-Fierz operators and to the no-pair operator, respectively. The latter 
operators are introduced in detail in these sections. Apart from the fact that our 
estimate (11. 2p is slightly stronger than the corresponding one of [1] the results 
of Sections m and |5] are not new and have been obtained earlier in [3]. However, 
in order to prove the higher order estimate fll.ip for the no-pair operator we 
virtually have to re-derive it for the semi-relativistic Pauli-Fierz operator by 
our own method anyway. Moreover, we think that the arguments employed 
in Sections H] and E] are more convenient and less involved than the procedure 
carried through in . The main text is followed by an appendix where we show 
that the semi-relativistic Pauli-Fierz operator for a molecular system with static 
nuclei is semi-bounded below, provided that all Coulomb coupling constants are 
less than or equal to 2/tt. Moreover, we prove the same result for a molecular 
no-pair operator assuming that all Coulomb coupling constants are strictly less 
than the critical coupling constant of the Brown-Ravenhall model The 
results of the appendix are based on corresponding estimates for hydrogen-like 
atoms obtained in [TU] . (We remark that the considerably stronger stability of 
matter of the second kind has been proven for a molecular no-pair operator in 
|9] under more restrictive assumptions on the involved physical parameters.) 
No restrictions on the values of the fine-structure constant or on the ultra-violet 
cut-off are imposed in the present article. 



2 



The main new results of this paper are Theorem 12. II and its corollaries which 
provide general criteria for the validity of higher order estimates and Theo- 
rem 16.11 where higher order estimates for the no-pair operator are established. 

Some frequently used notation. For a,b G R, we write a A b := min{a, 6} 
and aV b := max{a, b}. V{T) denotes the domain of some operator T acting 
in some Hilbert space and Q{T) its form domain, when T is semi-bounded 
below. C(a, b, . . .), C'(a, b, . . .), etc. denote constants that depend only on the 
quantities a,b, . . . and whose value might change from one estimate to another. 

2. Higher order estimates: a general criterion 

The following theorem and its succeeding corollaries present the key idea behind 
of our method. They essentially reduce the derivation of the higher order 
estimates to the verification of a certain sequence of form bounds. These form 
bounds can be verified easily without any further induction argument in the 
QED models treated in this paper. 

Theorem 2.1. Let H and F^, e > 0, be self-adjoint operators in some Hilbert 
space such that H ^ 1, ^ 0, and each F^ is bounded. Let m G N U 
{oo} , let ^ be a form core for H, and assume that the following conditions are 
fulfilled: 

(a) For every e > 0, F^ maps '3> into Q{H) and there is some Ce G (0, oo) 
such that 

{F,^\HF,^) ^ c,{ij\Hij), ^e^. 

(b) There is some c G [1, oo) such that, for all e > 0, 

(c) For every n & H, n < m, there is some Cn G [1, cxd) such that, for all 
e>0, 

|(/7V^l|F;v^2)-(i^e>ll^V^2)| 

Then it follows that, for every n E N, n < m + 1, 

n-1 

(2.1) II II ^ Cn := 4"-^ c" JJ Q . 

e=i 

(An empty product equals 1 by definition.) 

Proof. We define 

T,(n) := [F^-^ , R-^] /J-("-2)/2^ n G {2, 3, 4, . . .}. 

Te(n) is well-defined and bounded because of the closed graph theorem and 
Condition (a), which implies that F^ G ^{Q{H)), where Q{H) = V{H^/'^) 
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is equipped with the form norm. We shall prove the following sequence of 
assertions by induction onnGN,n<m + l. 

A{n) The bound f l2.1l) holds true and, if n > 3, we have 

(2.2) V£>0 : ||T,H|| ^ Cj4c\ 

For n = 1, the bound fl2.ll) is fulfilled with Ci = c on account of Condition (b). 

Next, assume that n & \s4, n < m, and that A{1),. . . ,A{n) hold true. To 
find a bound on H-F""*"^ ^-("+i)/2|| write 

(2.3) F^+^ /f-{"+i)/2 = + Q2 
with 

Ql := F, i/-("-l)/2 ^ [ pn ^ JJ-l j H-{n-l)/2 ^ 

By the induction hypothesis we have 

(2.4) ligill ^ \\FeH-^'^\\ \\H-^'^F,\\ ^ , 
where Cq := 1. Moreover, we observe that 

(2.5) ||g2|| = \\F,H-^'^T,{n + l)\\ ^ c ||T,(n + 1) || . 

To find a bound on ||Te(?2 + 1)|| we recall that maps the form domain of 
H continuously into itself. In particular, since ^ is a form core for H the 
form bound appearing in Condition (c) is available, for all V5i,v22 £ Q{H). Let 
0, G Applying Condition (c), extended in this way, with 

for some 5 > 0, we obtain 
|(0|T,(n + l)V^)| 

= \{H H''/' I •^)-{ f; I H ^ ) I 

^ c„ inf {5||0f + rM|{iJi/2^;.-i^-n/2|^-i/2^||2| 

^ 2c„||{/fV2^n-l^-n/2j|| ||^|| ||^||_ 

The operator {■ ■ ■ } is just the identity when n = 1. For n > 1, it can be 
written as 

(2.6) pn-l ^ 1^-1/2 pn-2 ^-(n-2)/2 ^ y^^^^ _ 

Applying the induction hypothesis and c, q ^ 1, we thus get ||Te(2)|| ^ 2ci, 
||T^(3)|| ^ 6CC1C2, ||T^(4)|| ^ 14 c^ciczcg < CJ^c'^, and 

c||T,(n + l)|| = csup{|(0|r,(n + l)^)| : 0,^6^, ||0|| = = 1 } 

^ 2 c„ (c^ C„_2 + C„/4c) < c„ C„ = C„+i/4c , n > 3 , 
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since C„_2 ^ Cn/16, for n > 3. Taking fl2.3p -( l23|) into account we arrive at 
\\F^H-^\\ ^ + 2cci < C2, 11^3/7-3/2 II ^ ^3 ^ Qc^ciC2 < C3, and 

||^„+i ^-(„+i)/2|| < ^2 ^ C„+i/4c < a+i , n > 3 , 
which concludes the induction step. □ 

Corollary 2.2. Assume that H and F^, e > 0, are self- adjoint operators in 
some Hilbert space that fulfill the assumptions of Theorem \2.1\ with (c) 
replaced by the stronger condition 

(c') For every n & H, n < m, there is some Cn G [1, cxd) such that, for all 
e>0, 

\{Hcp,\F:cp2)-{F:cp,\H^2)\ 

Then, in addition to fl2.ip . it follows that, for n e hi, n < m, [F" , H] H^^/"^ 
defines a hounded sesquilinear form with domain Q{H) x Q{H) and 

n 

(2.7) II [F^ , H] II ^ cl, := r c""' JJ q . 

f=i 

Proof. Again, the form bound in (c') is available, for all ipi, G Q{H), whence 

\{H(P\F^H-''/^ij) - {F^(P\H H-''/^i))\ 

^ C„ inf {5||0f + 5-1 ||i7l/2^;^-l^-n/2^||2| ^ 2c„||/J^/2^;.-l^-n/2|| ^ 

for all normalized & Q{H)- The assertion now follows from (12. ip . (12. 6p . 
and the bounds on ||Te(?T,)|| given in the proof of Theorem 12. 1[ □ 

Corollary 2.3. Let H ^ 1 and A ^ be two self-adjoint operators in some 
Hilbert space . Let n > 0, define 

fe{t) := t/(l + £t), t^O, F,:=f^{A), 

for all £ > 0, and assume that H and F^, e > 0, fulfill the hypotheses of 
Theorem \2. 1\ for some m G N U {00}. Then Ran(if-"/^) C T>{A'^'^), for every 
n G N, n < m + 1, and 

n—l 

||^«n^-n/2 II ^ 4^^-10" JJq. 

1=1 

If H and F^, e > 0, fulfill the hypotheses of Corollary \2.S\, then, for every 
n n <m, it additionally follows that A'^^ H^'"'/'^ maps T>{H) into itself so 
that [A''" , H] IS well-defined on V{H), and 

n 

II [A''" , H] H-''/^ 11^4" c"-^ Yl • 
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Proof. Let U : — )■ be a unitary transformation such that a = 

U AU* is a maximal operator of multiphcation with some non-negative mea- 
surable function - again called a - on some measure space /i). We pick 
some ip ^ ^5 set 0„ := U H^^/'^%jj, and apply the monotone convergence 
theorem to conclude that 

aM2'^"|0„M|2d/xM = hm / f^{a{co)y^\M^)\^df^{co) 

= lim||F;ff-"/2^f ^ CJlV^f, 

for every n ^ n < m+1, which implies the first assertion. Now, assume that 
H and F^, e > 0, fulfill Condition (c') of Corollary l2.2[ Applying the dominated 
convergence theorem in the spectral representation introduced above we see 
that F^i; A^''^), for every ip G ^'(A''"). Hence, (EZD and Ran(i7-"/2) c 
V(A'^"') imply, for n < m and (l),ip E T){H), 

I ( I A'^"//'"/^ ^ ^/^ ) - ( /J I A"" if-"/ V > I 

= lim\{F^(f)\HH-''/^^) -{H(f)\F^H-''/^^)\ 

^ hmsup II [F; , H] H-^l' II II0II ll^ll ^ II0II U\\ . 

Thus, \{H(j)\A^''H-''/^ilj)\ ^ II0II p'^^ii-^/^ll + ll^ll, for all 

e V{H). In particular, A'^"//-"/^^ e V{H*) = V{H), for all i) G V{H), 
and the second asserted bound holds true. □ 

3. Commutator estimates 

In this section we derive operator norm bounds on commutators involving the 
quantized vector potential. A, the radiation field energy, iff, and the Dirac 
operator, Z^a- The underlying Hilbert space is 

^ := L2(R3 X Z4) O^b = / C^®^bt^^x, 

where the bosonic Fock space, ^^b, is modeled over the one-photon Hilbert 
space 

^« := l2(^x Z2,c/fc), f dk := J2 f ^^k. 



With regards to the applications in [8j we define ^ := {k G : |k| ^ m}, for 
some m ^ 0. We thus have 



00 



n=0 
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where Sn = = S* is given by 



7rG6„ 



&n denoting the group of permutations of {1, . . . ,n}. The vector potential is 
determined by a certain vector- valued function, G, called the form factor. 

Hypothesis 3.1. The dispersion relation, uo : A [0, oo), is a measurable 
function such that < uj{k) := u;(k) ^ |k|, for k = (k, X) E A x Z2 with k 7^ 0. 
For every k e (^\{0})xZ2 and J e {1,2,3}, G^^\k) is a bounded continuously 
differentiable function, IR^ 9 x 1— )■ G^^\k), such that the map 

is measurable and Gx^— k. A) = Gx''(k, A), for almost every k and all x G 
and A G Z2. Finally, there exist d-i, do, di, . . . & (0, 00) such that 

(3.1) 2 J u:{kY\\G{k)\\ldk ^ dl £g {-1,0,1,2,...}, 

2 j uj{k)-^ \\V^AG{k)\\l,dk ^ dl, 

where G = (G^, G^^), G^^)) and ||G(fc)||oo := sup,, |Gx(fc)|, etc. 
Example. In the physical applications the form factor is often given as 

(3.3) G^'^(A;) := -e ^^''^'^ e''*^" £(fc), 

27ri 



(3.2) 



for (x. A;) G X (R^ x Z2) with k 7^ 0. Here the physical units are chosen such 
that energies are measured in units of the rest energy of the electron. Length are 
measured in units of one Compton wave length divided by 2tt. The parameter 
A > is an ultraviolet cut-off and the square of the elementary charge, e > 0, 
equals Sommerfeld's fine-structure constant in these units; we have ~ 1/137 
in nature. The polarization vectors, £(k. A), A G Z2, are homogeneous of degree 
zero in k such that {k, £(k, 0), £(k, 1)} is an orthonormal basis of R^, for every 
k G S"^. This corresponds to the Coulomb gauge for Vx ■ G^'^ = 0. We remark 
that the vector fields 5*^ 9 k i— t- £(k. A) are necessarily discontinuous. o 

It is useful to work with more general form factors fulfilling Hypothesis 13.11 
since in the study of the existence of ground states in QED one usually en- 
counters truncated and discretized versions of the physical choice G*^'^. For 
the applications in p] it is necessary to know that the higher order estimates 
established here hold true uniformly in the involved parameters and Hypothe- 
sis |3]T] is convenient way to handle this. 
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We recall the definition of the creation and the annihilation operators of a 
photon state / e 

n 

{a{f)^pf-\h,...,K) = (n + 1)1/2 h{^k)^P^'^+^\kM,---,K)dk, neNo, 



and (at(/) = 0, a(/) 0, 0, . . .) = 0, for all ^ = (V'^"^)^=o ^ such 
that the right hand sides again define elements of =^b- and a(/) are 

formal adjoints of each other on the dense domain 

oo 

^0 := C © 5„ L~^p ((^ X Z2)") . (Algebraic direct sum.) 

n=l 

For a three-vector of functions f = {f^'^\f^'^\f^^^) e (^b^^)^, we write a''(f) := 
(a'*(/*^i)), a''(/^2^), a''(/*^^^)), where a" is a''' or a. Then the quantized vector 
potential is the triplet of operators given by 

A = A(G) := a^(G) + a(G), a^G) := / Ic* ^ a\G^) (fx . 

The radiation field energy is the direct sum H{ = ^'^^q dV^'^^uj) : V(Hf) C 
— ^ where dr^'^\uj) := 0, and dr^'^\uj) denotes the maximal multiphca- 
tion operator in ^^"^ associated with the symmetric function (ki, . . . , kn) ^ 
uj{ki) + • • • + uj{kn). By the permutation symmetry and Fubini's theorem we 
thus have 

(3.4) ( Hj^^ 4> I H}'^ ) = / ^('^) ^ "('^) ^ I "('^) ^)dk, 0, V' e ViHl'"^) , 
where we use the notation 

{a{k)iP)^^\ki,...,kn) = (n + l)V2^("+i)(A;,A;i,...,A;„), neNo, 

almost everywhere, and a{k) 0,0, .. .) — 0. For a measurable function 
/ : R ^ R and V e V{f{Hf)), the following identity in 

{a{k)f{Ht)i;Y^^ = /(a;(A;) + rfr(")(a;))(a(A;)z^)("), neNo, 

valid for almost every k, is called the pull-through formula. Finally, we let 
ai,a2,o.3, and (3 aQ denote hermitian four times four matrices that fulfill 
the Chfford algebra relations 

(3.5) ai aj + aj ai = 2 6ij 1 , i, j e {0, 1, 2, 3} . 
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They act on the second tensor factor in i^^([Rx x ^4) = L'^i^D ® C^. As a 
consequence of f l3.5l) and the C*-equahty we have 

(3.6) \\a. ■ v||_^(c4) = |v| , V G , \\a. ■ z||_^(c4) ^ ^2 |z| , z G C'^ , 

where a-z := ai z^-^^ + 02 z^"^^ + as z'^^\ for z = {z^-^\ z^'^\ z^'^^) G C^. A standard 
exercise using the inequahty in (13.61) . the Cauchy-Schwarz inequahty, and the 
canonical commutation relations, 

[a\f) , a\g)] = , [a(/) , a\g)] = {f\g)l, f,ge^i'\ 

reveals that every ip G V{Hf^^) belongs to the domain of ex. ■ a^(G) and 
(3.7) 

\\a ■ a(G) ^11 ^ WHj^'^PW , \\a ■ at(G) ^ d\ WHi^' + 4 ||^f . 
(Here and in the following we identify H{ = 1^H{, etc.) These relative bounds 

1 /2 

imply that ck ■ A is symmetric on the domain 'D{H/ ). 

The operators whose norms are estimated in (13.91) and the following lemmata 
are always well-defined a priori on the following dense subspace of J^, 

Qi ■= C^{R^ X Z4) ® ^0 • (Algebraic tensor product.) 

Given some ^ 1 we set 

(3.8) := Hf + E 

in the sequel. We already know from [10] that, for every u ^ 0, there is some 
constant, G (0, 00), such that 

(3.9) II [a ■ A , H-''] H^W ^ C./E^^^ , E^l. 

In our first lemma we derive a generalization of (13. 9p . Its proof resembles 
the one of (13. 9 p given in [T^. Since we shall encounter many similar but 
slightly different commutators in the applications it makes sense to introduce 
the numerous parameters that obscure its statement (but simplify its proof). 

Lemma 3.2. Assume that u and G fulfill Hypothesis \3. 11 Let e ^ 0, E ^ 1, 

K, z/ G R, 7, 6,a,T ^ 0, such that •y + 6 + a + t ^ 1/2, and define 

(3.10) -J-t|_, t,[0,oo). 

Then the operator H^^^ f^{Hi) [a ■ A , f^{Hf)] 11^''+^ f^^+^ {Hi) , defined a pri- 
ori on 3l , extends to a hounded operator on M' and 

II H\^^ /;(iJf) [a • A , re{H,)\ Hf^^' fr^^m II 

(3.11) ^ \K\2^f+'^/^di + dp)E^+^+''+^-^/\ 
where p is the smallest integer greater or equal to3-|-2|fi;|-|-2|z/|. 
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Proof. We notice that all operators and f^{Hf) leave the dense subspace ^ 
invariant and that o: • ci^{G) maps ^ into V(Hf), for every s e IR. Now, let 
(p,ijj E ^. Then 

(3.12) = ( V. I [a ■ a(G) , f^{H,)] H^^' f^^^m ^ > 

(3.13) - ( fr^^m H^^^' [a • a(G) , /;(iff)] r,{H,) ^ > • 

For almost every the pull-through formula yields the following representation, 

f^m [a{k) , /;(i/f)] /r+^(i^f) V = i^(^; i^f) a{k) h;''' v , 

where 

F{k-t) (t + £;)^+V;(t)(/;(i + ^(fc))-/.'^(t)) 

• (i + £; + a;(A;))-'^+^+^/2 + a;(A;)) 



^ ^J^{t-rsu{k))ds 



for t ^ 0. We compute 

(3.14) ^mt+s.ik))^ .u{k)mt+su{k)) 



ds^^ ^" {t + suj{k) + E){l + et + ssu{k)+sE) 
Using that is increasing in i ^ and that 

{t + uj{k) + E)/{t + suj{k) + E) ^1+ cu{k) , s e [0, 1] , 

thus 

f:{t + suj{k))/f^{t + u;{k)) ^ (l + a;(A;))-(°^'^), s e [0, 1] , 

it is elementary to verify that 

\F,{k-t)\ ^ |fi;|a;(A;)(l + a;(A;))''+^-(°^«)-(°^'^)+V2£;T+5+-+r-i/2^ 
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for alH ^ and k. We deduce that the term in fl3.12p can be estimated as 

I ( ^ I i^r" /;(^f ) [" ■ «(G) , /;(^f )] ^r^^' /r^+^(^^f ) ^ > I 

^ I M\\cx.G{k)H^^y:{H,) [a{k), f:{H,)]H-''+' f;^+^{H,)^dk 
^V2j M \\Gik)\U\\F,{k;H,)\\ \\aik)H['/'^\\dk 
<Wy2(/.(.)(l.^*))~-~ 

■ ( J Uj{k) II a{k) H;^'^ ijfdk^ ^'^ y\\ ^7+5+<x+r-l/2 

(3.15) 

^ \>,\2^P-^^/\d^ + dp)M\ \\H]'^Hi'/^i,\\E'^+'+'^+^-^'\ 

In the last step we used 5 + t ^ 1/2 and apphed (13.41) . (13.151) immediately 
gives a bound on the term in (I3.13p . too. For we have 

fr^^m H-^^' [cc . a(G) , f^m] i^r' ^ 

= Hi^^' /;(iff) [frm , « ■ a(G)] f^^^m ^ , 

which after the replacements (z/, k, 7, 6, a, r) 1— )■ (— z/, —k, 6, 7, r, a) and ip (-)■ — ■?/' 
is precisely the term we just have treated. □ 

Lemma 13.21 provides all the information needed to apply Corollary 12.31 to non- 
relativistic QED. For the application of Corollary 12.31 to the non-local semi- 
relativistic models of QED it is necessary to study commutators that involve 
resolvents and sign functions of the Dirac operator, 

Da ■■= ct- (-zVx + A) + 

An application of Nelson's commutator theorem with test operator — A + if/ + l 
shows that is essentially self-adjoint on ^. The spectrum of its unique 
closed extension, again denoted by the same symbol, is contained in the union 
of two half-lines, o"[-Da] C (—00, —1] U [1, 00). In particular, it makes sense to 
define 

and the spectral calculus yields 

\\RA{iy)\\ ^ {I + y'V\ I |||/^Ar/'i?A(^2/)^ir- = \m\ ^e^. 

The next lemma is a straightforward extension of [TOl Corollary 3.1] where it 
is also shown that Ra{w) maps V{H^) into itself, for every z/ > 0. 
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Lemma 3.3. Assume that u and G fulfill Hypothesis \3.1[ Then, for all k, z/ G 

R, we find ki = ki{K, i/, di,dp) G [1, oo), i = 1,2, such that, for ally & R, e ^ 0, 

and E ^ ki, there exist T t^^y{iy),T i^^y{iy) G ^{^) satisfying 

(3.16) R^{iy) Hf- frm = f;-{H,) R^{iy) T ^^Sv) 

(3.17) = i^f-'/rTO^«,.(^Z/)^A(^y), 

on V{Hf'^), and \\Ti^^^{iy)\\, \\T f^^i,{iy)\\ ^ k2, where p is defined in Lemma Vj.'A 

Proof. Without loss of generality we may assume that e > for otherwise we 
could simply replace vhy u + n and /g by /g = 1. First, we assume in addition 
that z/ ^ 0. We observe that 

To := [Hi'' f-^{Hf) ,cx-A]H^ f^{H,) = T, + 

on S', where 

Ti := [Hr ,c^-A]H^, := H^ [f^m , « • A] f^^H,) H^ 

Due to (13. 9p (or (13. lip with £ = 0) the operator Ti extends to a bounded 
operator on and ||Ti|| ^ CyjE^I'^. According to (13.111) we further have 
IIT2IK C'.,.(c/i + dp)/E^I^. We pick some (j) E S> and compute 

[Rj^iiy) , H^" fr{H,)]{D^- ly) <P = Rj^{zy) [Hf'' f^iH,) , Dj^] <p 
= RAmToHrfrm^ 

(3.18) = RAmToHrfe^''iHi)Rj^{zy){Dj,-zy)^. 

Since {D^ — iy) ^ is dense in and since H^'' and f^{H{) are bounded (here 
we use that u ^ and e > 0), this identity implies 

RAmnrfe'^iHi) = (l + i?A(i?/)To)^r/r(^f)^A(^l/). 

Taking the adjoint of the previous identity and replacing y by —y we obtain 

friHf) RAity) = RA{ty)H-''f-^iHi)il+T*RAity)). 

In view of the norm bounds on Ti and T2 we see that (I3.16P and (I3.17P are valid 
with T^^^ity) := J:T=o{-To RA{ty)Y and T.,.(zy) := j:T=o{-RAity)T*Y, 
provided that E is sufficiently large, depending only on K,u,di, and dp, such 
that the Neumann series converge. 

Now, let z/ < 0. Then we write Tq on the domain as 

To = Arfrm ■ a, hu^w] , 

and deduce that 

Ra^ f:m (1 + To RA{iy)) = f:m RA^iy) 
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by a computation analogous to f l3.18p . Taking the adjoint of this identity with 
y replaced by —y we get 

(1 + i?A(^?/) To*) H'^ RA{iy) = RA{iy) f^m . 

Next, we invert 1 + Ra{w) Tq by means of the same Neumann series as above. 
As a result we obtain 

where the definition of T^ ,^ and T«; has been extended to negative u. It follows 
that RA{iy)T^,,{iy) = T ^^,{ty) Rj^{iy) maps ©(i?"'^) = V^R-" f--{H,)) = 
Ran(i^f fe{Hi)) into itself and that (137161) and flHTTll still hold true when u is 
negative. □ 

In order to control the Coulomb singularity l/|x| in terms of |-Da| and iff in the 
proof of the following corollary, we shall employ the bound [lOl Theorem 2.3] 

(3.19) ^ |Da| +iif + 

TT |x| 

which holds true in sense of quadratic forms on Q(|-Da|) H Q{H{). Here k G 
(0, oo) is some universal constant. We abbreviate the sign function of the Dirac 
operator, which can be represented as a strongly convergent principal value [HI 
Lemma VI. 5. 6], by 



(3.20) Sa^ ■■= Dj^\DA\-'tlj = Mm [ R^i^iy)^ 



dy 



IT 



We recall from fLOl Lemma 3.3] that Sa maps V{H^) into itself, for every u > 0. 
This can also be read off from the proof of the next corollary. 



Corollary 3.4. Assume that u and G fulfill Hypothesis \3.1i Let k,ij G R. 
Then we find some C = C{k, z/, di,dp) e (0, oo) such that, for all 7, 5, a, r ^ 
with 7 + 5 + o" + r^ 1/2 and all e ^ 0, E ^ ki, 

(3.21) II f:m Sa h-^ frm h c, 

(3.22) II \da\'^' i/r" f:m [Sa , f^m] Hi^^' fr^^m \\ ^ c, 

(3.23) II |x|-i/2 ^ f^{H,) [Sa , f^m] H^''—^ f^^^m \\ ^ C. 

(ki is the constant appearing in Lemma UT^ Hf is given by fl3.8p . by (13.101) . ) 
Proof. First, we prove fl3.22p . Using f l3.20p . writing 

[RAity) , f:m] = RA{iy) [f:m , « . A] RA{iy) 
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on ^ and employing fl3.16p . (13.171) . and (13. lip we obtain the following estimate, 
for all 99, £ and E ki, 



dy 



TT 



</ [R 



TT 



^ C^,Ad^ + d,)E''+'+'^+^~'/' sup{||T..,+^(?t/)|| ||T._,,,_5(^1/)||} 

J/GR 



|2 (iy^ V2 

' TT 



RAiiy)i' 



dy\V 



TT 



This estimate shows that the vector in the right entry of the scalar product in 
the first line belongs to ^'((IL'aI^/^)*) = ^^(|^a|^/^) and that IK22^ holds true. 
Next, we observe that (Km follows from (Km and (KWf . Finally, ( KTDf fol- 
lows from ||X|| ^ const(z/, k, rfi, dp), where X := iJf f^Hi) [Sa , i^f"'' fe""iHi)]- 
Such a bound on ||X|| is, however, an immediate consequence of (I3.22p (where 
we can choose e = 0) because 

X = [H^ , Sa] Hr + [fern , Sa] f^m nr 

on the domain □ 

4. NON-RELATIVISTIC QED 

The Pauli-Fierz operator for a molecular system with static nuclei and G N 
electrons interacting with the quantized radiation field is acting in the Hilbert 
space 

(4.1) Ji^M := AnL^HR"^ X Z^f) ® , 

where An = A% = A*j^ denotes anti-symmetrization, 

{A^mX) := ^ 5^(-l)-vl/(x,(,),W( 



t(1) 



, . . . , -rv.^ 



ttGSjv 



for * e L2((R3 X Z4)^) and a.e. X = ixi,^i)fL^ e (R'^ x Z^)^ . A priori it i 
defined on the dense domain 

^N := ^jvCo°°((R=^xZ4)^)®<^o, 



IS 
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the tensor product understood in the algebraic sense, by 

N 

(4.2) < ^ //^rlG) := J2^D^^^" + V + H,. 

i=l 

A superscript (i) indicates that the operator below is acting on the pair of 
variables (xj, ^j). In fact, the operator defined in (14. 2 p is a two- fold copy of the 
usual Pauli-Fierz operator which acts on two-spinors and the energy has been 
shifted by in (H^D- For ([33]) implies 

(4.3) DI = Ta®Ta. Ta := {o- ■ {-tV^ + A))' + 1 . 

Here cr = ((Xi, (T2, as) is a vector containing the Pauli matrices (when aj, j G 
{0, 1, 2, 3}, are given in Dirac's standard representation). We write H^^ in the 
form (14. 2 p to maintain a unified notation throughout this paper. 

We shall only make use of the following properties of the potential V. 

Hypothesis 4.1. V can be written as V = V+ — where V± ^ is a 
symmetric operator acting in A]\fL'^{{^^ x ^4)^) such that S^n C D(V±). There 
exist a G (0, 1) and h G (0, 00) such that V"_ ^ aH^^ + h in the sense of quadratic 
forms on S>n- 

Example. The Coulomb potential generated by G N fixed nuclei located at 
the positions {Ri, . . . , Rx} C is given as 

N K 2 V ^ 2 

(4.4) vc(A-):=-5:5:^^ + 5:^, 

1=1 k=l »,j=i ' ' 

for some e, > and a.e. X = (xj,Q)^i G (R^ x Z^)^ . It is 

well-known that Vq is infinitesimally i/°j.-bounded and that Vq fulfills Hypoth- 
esis SHI o 

It follows immediately from Hypothesis 14 . 1 1 that H^j. has a self-adjoint Friedrichs 
extension - henceforth denoted by the same symbol H^^ - and that is a 
form core for H^^. Moreover, we have 

(4.5) {D^i^r, . . . , (Df ))^ W, ^ ^ (1 - a)-' {Hi + h) 

on ^N- In [5] it is shown that V{{HlYl'^) C V{Hf^^), for every n G N. We 
re-derive this result by means of Corollary 12.31 in the next theorem where 

Enr '■= iii-icr[Hl] , := — E^^ + 1 . 
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Theorem 4.2. Assume that u and G fulfill Hypothesis \3.1\ and that V fulfills 
Hypothesis 4-1 Assume in addition that 

(4.6) 2 j uJ{kY\\V^^Gmlodk ^ d]^^, 

(4.7) j uikfWW^-Gml.dk ^ dl,, 

for all e e {-1,0, 1,2, . . .}. Then, for every n e \s^, we have P((//^J"/2) ^ 
V{H^^^), H^^^{H^^y/^ maps V{Hl) mto itself and 

||ij;/'(if;j-"/2|| ^ C{N,n,a,b,d.,,d^,d,+r,) {\E,,\ + 
II [H^^\H^^] {H'J--/' II ^ C'{N,n,a,b,d.,,dud,+n) {\E^A + l)^^"-^)/^ 

Proof. We pick the function defined in (13.101) with E = 1 and verify that the 
operators := /^''^(iff), e > 0, n G N, and H'^^. fulfiU the conditions (a), (b), 
and (c') of Theorem 12.11 and Corollary 12.21 with m = oo. Then the assertion 
follows from Corollary 12.31 We set H{ := H{ + E in what follows. By means of 
fH3|) we find 

(4.8) ( ^ I ^ ) ^ ( ^ I iff ^ ) ^ ^"l^ ^ ^ ^ I * ^ ' 

for all ^ G ^AT, which is Condition (b). Next, we observe that maps 
into itself. Employing f l4.5p once more and using — ^ and the fact that 
VC|_ ^ and F^ act on different tensor factors we deduce that 

1 — a 

for every ^ G ^n- Thanks to (IHTTTl) with k = 1/2, z/ = 7 = 5 = cr = r = 0, 
and (14. 5 p we further find some C G (0, oo) such that 

II D« VP II' ^ 2 IIMU + 2 IIMloo II [a . A , F,] ||' m' 

(4.10) ^ C||/,|U(^|i/;,^), 

for all G ^AT. fl49|) and fl4?T0|) together show that Condition (a) is fulfilled, 
too. Finally, we verify the bound in (c'). We use 

[a ■ (-zVx) , a ■ A] = S • B - 2 (Vx ■ A) , 

where B := a^(Vx A G) + a(Vx A G) is the magnetic field and the j-th entry 
of the formal vector S is —i ej^e O-k C(£, j, k,i E {1, 2, 3}, to write the square of 
the Dirac operator on the domain ^ as 

Dl = + S ■ B - i ( Vx ■ A) + (a ■ A)2 + 2 a ■ A a ■ (-i Vx) • 
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This yields 

N N 
i=l 1=1 

+ a ■ A(^) [a ■ A(*) , F,"] + [a ■ A^^ , F^] {2Df - a ■ A^'^ - 2/3) } 
on ^Tv- For every i G {1,...,A^}, we further write 

[a ■ A» , F-] Df = g(;) ( D« f;-^ - g» f;-^ ) 

on where 

(4.11) Q» := [a ■ A» , F^] F^^, n G N , ■ 

According to (ET!]) we have ||gjl|| ^ n2("+2)/2 g« ^ 

^2("+3)/2('g^^ _j_ Likewise, we write 

[a . A« , F;] a ■ A« = Q» ( {a ■ A» i/-^/^} H]/' F^' - Q^-i Fr' ) 

on ^AT, where ||q; ■ A //j^^'^^^p ^ 2dl + 4:d'^i by fl3.7p . Furthermore, we observe 
that Lemma [3.21 is apphcable to S ■ B as well instead of ck ■ A; we simply have 
to replace the form factor G by Vx A G and to notice that ||S • v||_2'(c4) = |v|, 
V G R^, in analogy to fl3.6p . Note that the indices of di are shifted by 2 because 
of (I4.6p . Finally, we observe that Lemma 13.21 is applicable to Vx ■ A, too. 
To this end we have to replace G by (Vx • G,0,0) and d^ by some universal 
constant times d2+e because of fl4.7p . Taking all these remarks into account we 
arrive at 

N 

|( v^i I , f;] ^2 >| ^ 5^ { ll^ill II [s ■ B« , f;] f^" II \\Fr' ^2\\ 

i=l 

+ ||vPi||||[divA»,F;]F^"||||Fr^vP2|| 

+ ii^iii ||a • Aif-'/'ii II hI'^q^Ih;^'^ II ||ij;/'F;-^^2|| 

+ ll^ill WQtW {2\\DfFr''^2\\ + \\cx-AH-"'\\ \\Hl''Fr^^>,\\) 

+ 3 ii^iii iiQ« II iiQ^:Liii WFr' ^2ii + 2 iiM/iii iig« II WW \\f:-' ^>,\\ } , 

for all \E'i, \I'2 G S>n- From this estimate. Lemma [3l2| and (14.50 we readily infer 
that Condition (c') is vahd with c„ = (|Fnr|+l) C"{N, n, a, b, d_i, . . . , d^+n)- D 



5. The semi-relativistic Pauli-Fierz operator 

The semi-relativistic Pauli-Fierz operator is also acting in the Hilbert space 
J^N introduced in (14.11) . It is obtained by substituting the non-local operator 
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\Da\ for D\ in if^. We thus define, a priori on the dense domain ^^v, 

N 



1=1 



where V is assumed to fulfill Hypothesis 14.11 with H^^ replaced by H^^. To 
ensure that in the case of the Coulomb potential Vq defined in (14. 4p this yields 
a well-defined self-adjoint operator we have to impose appropriate restrictions 
on the nuclear charges. 

Example. In Proposition lA.ll we show that H^^ is semi-bounded below on 
provided that Zk G (0,2/7re^], for all A; G {1, . . . ,K}. Its proof is actually a 
straightforward consequence of (13.191) and a commutator estimate obtained in 
|10] . If all atomic numbers Zk are strictly less than 2/7re^ we thus find a G (0, 1) 
and b G (0, oo) such that 



(5.1) EEu^^^«^^+^ 

i=i fc=i I * 



in the sense of quadratic forms on ^at. In particular, Vq fulfills Hypothesis 14.11 
with replaced by iffj, as long as Zk G (0, 2/116^), for G {1, . . . , K}. o 

For potentials V as above has a self-adjoint Friedrichs extension which we 
denote again by the same symbol H^^. Moreover, is a form core for 
and we have the following analogue of (14. 5p . 

(5.2) ^ H^^ ^ (1 - ay' (Hr, + b) 



on ^AT. In order to apply Corollary 12.31 to the semi-relativistic Pauli-Fierz 
operator we recall the following special case of [71 Corollary 3.7]: 

Lemma 5.1. Assume that u and G fulfill Hypothesis \3 . 1\ Let r G (0, 1]. Then 
there exist 5 > and C = C{6,T,di) & (0, oo) such that 

(5.3) C+\DA\+rH{ ^6{\Do\+Hf) ^ 6 i\Do\ + r Hi) ^ 6^\Da\-SC 

in the sense of quadratic forms on Qi . 

In the next theorem we re-derive the higher order estimates obtained in |1] for 
the semi-relativistic Pauli-Fierz operator by means of Corollary 12.31 (The sec- 
ond estimate of Theorem l5.2l is actually slightly stronger than the corresponding 
one stated in [3].) The estimates of the following proof are also employed in 
Section |6] where we treat the no-pair operator. We set 

E,, ■= inf aiifsr] , Kr-= K - ^sr + 1 . 
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Theorem 5.2. Assume that u and G fulfill Hypothesis \3.1\ and that V fulfills 
Hypothesis with H^^ replaced by H^j.. Then, for every m G N, follows that 
V{{Hl)"'l^) C V{Hf^), {K^)-"^'^ maps V{Hl) into itself, and 

WRf^Hir'^/'W ^ C(iV,m,a,6,rfi,d3+J(|i?sr| + l)('"-'^/', 

\\[Hf\Hl]{H:y^''^\ ^ C"(iV,m,a,6,rfi,4+„.)(|i^sr| + l)('™-')/'. 

Proof. Let m G N. We pick the function defined in fl3.10p with E = kiM C . 
{ki is the constant appearing in Lemma 1X51 with n = m/2, z/ = 0, and depends 
on m, di, and ds+m] C is the one in (15. 3p .) We fix some n G N, n ^ m, 
and verify Conditions (a), (b), and (c') of Theorem 12.11 and Corollary 12.21 with 
F, = fe' {Hi), e > 0. The estimates gSD and ^E) are still valid without any 
further change when the subscript nr is replaced by sr. Employing (15. 3p twice 
and using (15. 2p we obtain the following substitute of (I4.10p . 

^ 5-' ii/eiioo(iii/^or/'^f +iii^;/'^ir) ^c"iiAiioo(^|i/;^>, 

for all \i/ G Altogether we see that Conditions (a) and (b) are satisfied. In 
order to verify (c') we set 

(5.4) t/» := [Sf , F;] Fl- = F: [F-" , 5«] F, , z G {1, . . . , iV} . 
By virtue of (I3.22p we know that the norms 

off/i3andf/iJ|D«|V' 

are bounded 

uniformly in £ > by some constant, C G (0, oo), that depends only on n, di, 
and (is+n. We employ the notation (14. lip and (15. 4p to write 

N N 



i=l i=l 

N 



i=l 



The previous identity, (15. 2p . and |Z^a| ^ 1 permit to get 



N 



i=l 



+cmi\\ \\Fr'^2\\ + \mi\\ \\Fr'^2\\} 

^cn{\\^if + { f;-i ^2 1 f;-i M/2 > } , 

for all \E'i, \E'2 G and some constant c„ = C"{n, a, b, di, d^^n) (|-^sr| + !)• So 
(c') is fulfilled also and the assertion follows from Corollary 12. 3[ □ 
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6. The no-pair operator 
We introduce the spectral projections 

(6.1) P+ := i?[o,oo)pA) = \l+\s^, := 1 - P+ . 

The no-pair operator acts in the projected Hilbert space 

TV 

^ ^+(G) := Pl^J^N. := n^A^^ 

i=l 

and is a priori defined on the dense domain P^ ^ 21^ by 

N 

Hi ^ Hl{G) := {J2Da+V + H,] P+^ . 

i=l 

Notice that all operators D^^\ . . . , -D^'' and p2_'^^\ • • • > P^.'^^^ commute in pairs 
owing to the fact that the components of the vector potential y4^*^(x), ^(■'^(y), 
X, y e R^, i,j G {1,2,3}, commute in the sense that all their spectral pro- 
jections commute; see the appendix to [9J for more details. (Here we use the 
assumption that Gx(— k. A) = Gx(k, A).) So the order of the apphcation of 
the projections P^'*'*^ is immaterial. In this section we restrict the discussion 
to the case where V is given by the Coulomb potential Vc defined in (14. 4p . To 
have a handy notation we set 

Vi := -2^1 p I , U)ij := I r, 

f^_^ l^i ^k\ ^j\ 

for all i G {1, . . . , N} and 1 ^ i < j ^ N, respectively. Thanks to fiUl 
Lemma 3.4(ii)], which implies that P^ maps 2 into V{\Do\) fl V{H^), for ev- 
ery u > 0, and Hardy's inequality, we actually know that is well-defined 
on In order to apply Corollarv 12.31 to we extend to a continu- 
ously invertible operator on the whole space J^^: We pick the complementary 
projection. 



P-*- — H — P+ 



abbreviate 



^a'^'''^ := P+'^'^ P+'^^'^ = P+'^^'^ P+'^*^ , 1 ^ 2 < J ^ iV ^ 



and define the operator i^np a priori on the domain by 

N N 

K ■■= E { I + Pi''' V. p^'W } + y: pi'''' p. 

i=l 

(6.2) + P+^ Hi P+^ + Pi^ H, Pi^ . 
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Evidently, we have [H^^ , P+j^] = and H^^P+ ^ = P+ j^ on ^jy. In 
Proposition I A. 2 1 we show that the quadratic forms of the no-pair operator H^^ 

and of i^np are semi-bounded below on provided that the atomic numbers 
Zi, . . . ,Zk ^ are less than the critical one of the Brown- Ravenhall model 
determined in [3], 

(6.3) := (2/e2)/(2/7r + n/2) . 

Therefore, both H^^ and H^p possess self-adjoint Friedrichs extensions which 
are again denoted by the same symbols in the sequel, is a form core for 
i^np and we have the bound 

(6.4) #„p - '^^^ t;. P+'« ^ f^^lZl {H^p + C{N,3f,^,d.udi,d,)) 

j=l ^np 1=^ I 

on where \^\ := max{Zi, . . . ,Zk} < ^np- Moreover, it makes sense to 
define 

i?„p := Ma[H^^], 

so that 

Kp := H^p-E^pPl^ + 1 ^ 1. 

Theorem 6.1. Assume that u and G fulfill Hypothesis \ 3. 1\ and let N,K ^ N, 
e> 0, ^ = {Zi,...,Zk) e [0, ^„p)^, and M = {Ri, . . . , Ra'} C R^ where 
Zj^p is defined in f l6.3l) . Then ©((iJ^p)™/^) C V{Hp^'^), for every m G N, and 

II ^r^^L< (^np - (^np - 1) 1.^+)""'^^ ^ II ^r^^ iKpY""'^ II 

^ C(iV,m,^,^,e,d_i,cii,4+J(l + li^npD^^^™-')/' < oo. 

Proof. Let m G N. Again we pick the function defined in fl3.1Up and set 
Fe := f£^'^{H{), e > 0. This time we choose E = ma.x{k dl^ki^C} where k is 
the constant appearing in (13.1 9p . C = C{di) is the one in fl5.3p . and ki the one 
appearing in Lemma 13.31 with \k\ = {m + l)/2, |z/| = 1/2. Thus ki depends 
only on m, di, and d^+m- On account of Corollary 12.31 it suffices to show that 
the conditions (a)-(c) of Theorem 12. II are fulfilled. To this end we observe that 
on the extended no-pair operator can be written as H'^^ = H^^ -|- 1 -|- W, 
where 

TV AT 

i=l i,3 = i 

i<j 

- E^p Pl^ - 2Re [P+ ^ H, Pi^] . 
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The semi-relativistic Pauli-Fierz operator H^^. has aheady been treated in the 
previous section and the bound 

(6.5) H, ^ 2Pl^ H, PIj, + 2Pi^ H, P^^ 
together with fl6.4p imphes 

N 

(6.6) ^ 2 - 2 5^ P^'« V, P+'« ^C'il + \E^,\) 

i=l 

on ^jv, for some C = C'{N, d_i,di,d^) G (0, oo). Hence, it only remains 

to consider the operator W . 

We fix some n G N, n ^ m. When we verify (a) we can ignore the potentials 
Vi since they are negative. Using [P",PAAr] = [Pani-^e] obtain 

|2Re(PX^.P.^|//fPi^P.^>| 

^ II H]'^ PtNFe'^f+W Hf^' PtN ^ ir 

^ 2 ||/,|U ||if;/'PX^ ^ir + 2 II Alloc \\H}/'Pir,H' 
+ [P+^,P,]ifr'^'||||if;/'vI;f, 

for every G ^n, where, for all n G N and G R, 

N i-1 

i=i j=i 

N 

X {Hnpi'^'\pnHrPe-''}{ U pr' pl'^''^ pt^"} 

k=i+l 

on ^1^. On account of Corollary 13.41 we thus have, for \u\ ^ 1/2, 

(6.7) sup II [Pi J, , P;] Hf" P,i-" II ^ C{N, n, di, 4+n) ■ 

£>0 

Likewise we have 

|(P,vI/|P+'(^'^-)u;.,P:'(^'^-)p,M/>| ^ 2\\M\\\wlj'Pi'^''^^^\\' 

(6.8) + 4 II wlj' [P+'(^'^') , P,] Hi'/' W WHl^'n', 

where the first norm in the second line of (16. 8p is bounded (uniformly in e > 0) 
due to Lemma I6l2l Taking these remarks, Vi ^ 0, (16.41) . and (16. 5p into account 
we infer that 

showing that (a) is fulfilled. Condition (b) with = C{N, d_i,di, ci5)(l+ 

|Pnp|) follows immediately from P| ^ Pf ^ + P on and (16. 6p . Finally, 
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we turn to Condition (c). To this end let ^ and be -P4 jy '^^ -^a n- 

On 

S'n we clearly have 

(6.9) [ Pl^ H, Pl^ , ] = ± [PX iv , K] Hi Pi^ ± Pl^ H, [P+ ^ , F;] . 
For \E'i, \E'2 € i^Ar, we thus obtain 

\{<i^^\[pl^H,pl^,F:]^2)\ 

^ 11^;/' ^ill II h;'^' [p+iv , ^.1 hI'^f^-"" II Hi/;/' p;-i Pi_^ ^2|| 

(6.10) + WHl'^Pl^^iW \\hI'^ [P+^, P;]i^-'/'P^"|| ii^^/'pr^vi/^ii , 

where we can further estimate 

11^1/2 ^^11 

(6.11) ^ {1 + whI'"^ F"^-^ p+H^^'^ Fl-^'W^] 11^;/^ p;^-^ ^2 II , 

and, of course, 

(6.12) iiif;/'p;-i^2ii ^ iii^;/'pi;v^r'^2ii + ii^;^'pijv^r'*2ii. 

The operator norms in f l6.10p can be estimated by means of fl6.7p with v = 
±1/2, the one in the last line of (16.111) is bounded by some C{n,di,d3^n) G 
(0, 00) due to ( I3.2ip . In a similar fashion we obtain, for all i,j G {1, . . . , A^}, 
i < j, and ^i,^'2 G ^n, 

\{^r\[P^''~'''^w.,PX'^'''\Fn ^2>| 

^ ||F,^-"^f [F;, PX'^'''^]Hi'/'\\ WH^/'^A llPr^^f P+'(^'^')vI/2|| 

(6.13) + ||t/;f P+'(*'^')vI/i|| \\wl^'[P^^^''^\ P;]P^"if-^/'|| ||ij;/'Pr'^2||. 
Here we can further estimate 

l|./;f prip+'(*'^')vi/2|| ^ ||t/;f p+'^^'^'^pr^vi/^ii 

(6.14) + II wll^ [P;-' , Pa^'''^] Hi'/^F^-^ II ||P;/' P;-i ^2|| . 
Lemma 16.21 below ensures that all operator norms in f l6.13p and fl6.14p that 

1 /2 

involve w^j are bounded uniformly in e > by constants depending only on 
e, n, di, and ^5+^. Furthermore, it is now clear how to treat the terms involving 
Vi or Pnp- (In order to treat Vi just replace p^^'^^'^^ by P^'^*'', Wij by Vi, and wlj"^ 
by |fi|^/2 in ( 103|) and (KW) .) Combining fl6:9D- fl67[4D and their analo gues for 
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the remaining operators in W we arrive at 

\{^,\[W,F^] ^2>| 

^cj2 {{^i\plNHfPi^^i) + {Fr'^2\pUH,pi^Fr'^2)} 

tte{+,±} 

N 
N 

+ CJ2{{^, I P+'« It;, I P+'« vl;, ) + ( f;-^ ^2 I Pl'^'^ h\ Pt''-'^ Fr' ^2)} 
1=1 

+c{i+\E^,\){\\^,r + \\Fr'^2r}, 

for all \E'i, \E'2 G and some e-independent C = C{N,n, e, di, d^^n) £ (0, 00). 
Employing successively (I3.19p . which implies \vi\ ^ {7re'^\3f\/2){\D^^\ + ^f), 
after that (1^1) . which yields WH^^ P;^'^^ ^ C{di,d^){\\Hi^^ P^j^^^f + 

ll-^f -^A AT ^IP)' ^^"^ finally (16 ■4p we conclude that Condition (c) is fulfilled 
with c„ = C(Ar,n, J^,^,e,rf_i,rfi,4+n)(l + l^npl). □ 

Lemma 6.2. For all i,j G {1,...,A^}, i < j , n E Z, and a,T ^ with 
a + T ^1, 

supii^r" [F^ , ^a'^"''^] Hi'/" f: II 

£>0 

= sup||^J,/'p;[P;'(*'^\P,-"]if-'/'p;+^|| ^ eC(n,di,rf5+n) < 00. 

£>0 

Proof. We write 
where 

:= ^p+,W ^ ^^-n] ^-1/2 p„+,^^^l/2 p_„-. p+,U) pn+ry ^ 

Y2 := P+'^'^ P; [P+'^^'^ , P,-"] i?"'/' P,"+" , 

:= wll' [p; , p^'«] [p+'(^') , P,-"] p,-'^' i^r""^ • 

Applying CoroUarv 13.41 we immediately see that ||Fi|| ^ eC{n,di,d5-^.n) and 
that 

mw ^ ihf [F^,pl'^'^]Fr\\ ||p;[p^'^^\ prii^ni ^ec(n,rfi,rf3+n) 
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uniformly in e > 0. Employing f l3.19p (with respect to the variable for each 
fixed Xj) and using [\D^£\^^'^, P^^'^^'^] = 0, we further get 

II w]j' Fa ^ir ^ (vreV2) ||P+'^''^f || 1^2^/' [P^'^^'^ , F""] F^+^jj' \\Hi'^Y 
+ (7reV2) \\H^/' P+'« Hi'^^ \\H^/' P; [P^'^^^ , P""] 6;'^' P^+^jj'. 

By Corollary 13.41 all norms on the right hand side are bounded uniformly in 
e > by constants depending only on n, di, and d^+n- D 

Appendix A. Semi-boundedness of H^*^ and H^:^ 

In this appendix we verify that the semi-relativistic Pauli-Fierz and no-pair op- 
erators with Coulomb potential are semi-bounded below for all nuclear charges 
less than the critical charges without radiation fields. We do not attempt to 
give good lower bounds on their spectra since this is not the topic addressed 
in this paper. Our aim here is essentially only to ensure that these operators 
possess self-adjoint Friedrichs extensions. We recall that the stability of matter 
of the second kind has been proven for the no-pair operator in [9] under cer- 
tain restrictions on the fine-structure constant, the ultra-violet cut-off, and the 
nuclear charges. The stability of matter of the second kind is a much stronger 
property than mere semi-boundedness. It says that the operator is bounded 
below by some constant which is proportional to the total number of nuclei 
and electrons and uniform in the nuclear positions. The restrictions imposed 
on the physical parameters in [9] do, however, not allow for all atomic numbers 
less than Z^p- 

First, we consider the semi-relativistic Pauli-Fierz operator. The following 
proposition is a simple generalization of the bound f l3.19|) proven in [10] to the 
case of A G N electrons and A' G N nuclei. 

Proposition A.l. Assume that u and G fulfill Hypothesis \3.1\ and let N,K & 
e > 0, ^ = {Zi,...,Zk) e (0, 2/7reY, and M = {Ri, . . . , Rk} C R\ 
Then 

N 

(A.l) Y.\^a \ + Vc + 6Hi ^ -C{6,N,3f,^,d^) > -oo, 

i=l 

for every 6 > in the sense of quadratic forms on Qi^. 

Proof. In view of fl3.19p we only have to explain how to localize the non-local 
kinetic energy terms. To begin with we recall the following bounds proven in 
[lOl Lemmata 3.5 and 3.6]: For every x e C°°(R^, [0, 1]), 

(A.2) II [X, 5a] II ^ llVxIloo, \\Da[xAx,Sa]]\\ ^ 2||Vx||L- 

Now, let Br{z) denote the open ball of radius r > centered at z G in R^. 
We set g := min{|Rfc — R^| : k ^ i}/2 and pick a smooth partition of unity 
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on {Xk}k=o^ such that Xfc = 1 on B^/2{'Rk) and supp(xfc) C Bi,{Rk), for 
k = 1, . . . ,K, and such that J2k=oXk — ^- Then we have the foUowing IMS 
type focahzation formula, 

(A.3) |Da| = 5^ { Xfe I^aI Xfc + 2 [Xk , [Xk, \Da\]]} 

k=0 

on ^, for every i G {1, . . . , A^}. A direct calculation shows that 

(A.4) [xk , [Xk, \Da\ ]] =1iOi- iyxk) [Xfc, ^a] + Da {xk , [Xfe, ^a] ] 

on Q) . By virtue of fl3.6p and flA.2l) we thus get 

(A.5) II {xk. \Xk.\DA\W II ^ 4||Vx||L, 

for all A; G {0, ... , i^}. Since we are able to localize the kinetic energy terms 
and since, by the choice of the partition of unity, the functions 9 x i— i- 
|x - Rfel"^ are bounded, for k G {1,...,/^}, £ G {0, k ^ I, 

the bound ( lA.ll) is now an immediate consequence of (13.191) (with 5 replaced 
by 5/N). (Here we also make use of the fact that the hypotheses on G are 
translation invariant.) □ 

Next, we turn to the no-pair operator discussed in Section El The semi- 
boundedness of the molecular A^-electron no-pair operator is essentially a con- 
sequence of the following inequality [ini Equation (2.14)], valid for all uj and 
G fulfilling HypothesisEH 7 G (0,2/(2/7r + 7r/2)), and 5 > 0, 

(A.6) Pi {Df - 7/|x| + 5H,) Pi ^ Pi (c(7) \Do\ - C) Pi , 

in the sense of quadratic forms on Pi ^ . Here (7 = C(5, 7, dg, d{) G (0, 00) 
and 0(7) G (0, 00) depends only on 7. 

Proposition A. 2. Assume that u and G fulfill Hypothesis \3.1\ and let N,K & 

N, e > 0, = {Zi, ...,ZK)e (0, Znp)^, and ^ = {Ri, . . . , Rr} C R^ w/iere 
is defined in i \6.3\\ . Then the quadratic form associated with the operator 
H^p defined in (16. 2p is semi-bounded below, 

Hnp > -C{N,K,3f,^,d.udi,d5) > -00, 
in the sense of quadratic forms on Qi^. 

Proof. We again employ the parameter g > and the partition of unity in- 
troduced in the paragraph succeeding (lA.2p . Thanks to [ini Lemma 3.4(ii)] 
we know that Pi maps T'(-Do ® H^) into itself, for every i> > 0. The IMS 
localization formula thus yields 

Pi'' V. p:'« = x: {x^ pi'' V. p:'« x^ + \ [x« , [x« , p^-^ p^'^i ] } 

fc=0 
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on V{Do (g) 1), where a superscript (z) indicates that Xk = Xk'' depends on the 
variable Xj. Using Vi ^ 0, we observe that 

= -2 [X?^ , Pl^^'^] V. [P:'« , X^^] + 2 Re { P:'« [x^^ , [x« , P^'^] ] } 

(A.7) 

^2Re{p:'«.. [x^^[x^^p:'«]]}. 

We recall the following estimate proven in [TOt Lemma 3.6], for every x ^ 
C-(R3,[o,l]), 

||^[x,[x,P^]]i^r'/^|| ^8^/^||Vx||L, 
where Hf = H{ + E with E ^ 1 V (4(ii)^ Together with ([0]) it implies 

( ^ I [X?^ , [X?^ , Pl'^'^ V, Pl^'^'^] ] ^ > ^ -5 ( ^ I i^f VP ) - (8=^ II Vx. tJ5) \\n\ 

for all A; G {0, . . . , ir}, i e {1, . . . , iV}, 5 > 0, and ^ G ^'(P'o ® !)• Next, we 
pick cut-off functions, Ci, • • • ? C-ft: ^ C'^([Rx, [0, 1]), such that Cfc = 1 in a neigh- 
borhood of Rfc and supp(C/c) C i3g/4(Rfc), for G {1, . . . , K}. By construction, 
supp(Cfc) nsupp(x£) = 0, for all /c G {1, . . . , /T} and £ G {0, . . . , i^} with k ^ ^. 
Denoting := 1 — and using the superscript (i) to indicate that Cfc = Ci*'' is 
a function of the variable Xj, we obtain 

( ^ I xi?^ ^^'^^^ xi^^ ^ > = -( ^ I xi:^ p:'« p:'« Xl^^ V, 

\ I I X j tXk I 

(A-8) - f ( * I xi" Pi-'" i-;-'-' xi" * 

1=1 I * ^1 

(A.9) - E ( * ^-a"'-' * 

for all \E' G T>{Do 1). The operators appearing in the scalar products in 
(1A.9P are bounded by definition of Their norms depend only on ^ since 
e'^ Zf < 1. Furthermore, by virtue of Lemma IA.3I below the term in (lA.Sp 
is bounded from below by — 5 ( ^ | i/f ^ ) — (75 ||^|p, for all 5 > and some 
Cs = C5{^,di,dA) G (0,cx)); see flXTTl) . 

Taking all the previous remarks into account, using flA.Sp - flA.Sp . Wij ^ 0, 

I^A I > ^a'^'^ ^a'^'^ and writing 

N K 

y 7 V . I f . -t- f . I r7f \'^ ^ 

N 



i=l fe=0 
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we deduce that 
iJnp ^ (1 - 35) + (1 - 35) H, Pi^ 



+ 



K N 

=i+ai fc=o i=i 



tte{+,±} fc=o 
5 ^ 



i=l b=± 

— const ( A^, c?!, ^4) 

on ^AT, for every 6 > 0. Thanks to Corollary 13.41 (with e = 0) we know that 

[P^^^\ Hf] ^^'^ extends to an element of ^{J^n) whose norm is bounded by 
some constant depending only on di and ^5, whence 

^ -(5/2)iii7;/^pi_^^i|2-(5/2)||[pfUf]^r'^'irii^iP, 

for every \1/ G ^at, jl £ {+)-L}, and b = ±. For a sufficiently small choice of 
5 > 0, the assertion now follows from the semi-boundedness of P^ 



e^Zfc/lxi - Rfcl + {6/N) Hf) P^'^'' ensured by (TOj) and the condition Zk < 

□ 



Lemma A.3. Let ( e Co°°(R^ [0, 1]), x e C°^{R^, [0, 1]), snc/i t/iat e supp(C) 
anc? supp(C) n supp(x) = 0. 5*6^ H{ := //f + P, where P ^ fci V (i^. T/ien 



(A. 10) 
(A.ll) 



^ c(c,x,'^i,4) 



Proof. We pick some x ^ C°°([R^, [0, 1]) such that supp(x) H supp(C) = and 
X = 1 on supp(Vx)- Using Cx = = Cxwe infer that, for all ip.ip & 3^, 



D^v\Hl/\PixHi"''i^)\ = \{Dj,^\Hy\[Pi,x]Hi'^"^)\ 



r-1/2 



1/2, 



r-V2, 



P>Af 



Hl/\[Rj^{ty),x]ta-VxRA{ty)H['^"^ 



1/2, 



dy_ 

271 



i?A(?l/) To,i/2(«Z/) ■ Vx Pa(«1/) To,i/2(«Z/) X 

X ia.-VxRAiiy)'^o,i/2iiy)ip^ ^• 



27r 
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In the last step we repeatedly applied fl3.16p . Commuting ( and and using 
\\DARA{^y)\\ ^ 1, WRAi^yW ^ (l + and the fact that ||To,i/2(2Z/)|| is 

uniformly bounded in ?/ G R, we readily deduce that 

which implies (lA.lOp . The bound (1A.11|) follows from (lA.lOp and the inequality 

|||x|-Vf ^ 4||Z}A^ir + 4||i^;/'^|| , ^eV{Do®Hl'^), 

which is a simple consequence of standard arguments (see, e.g., [101 Equa- 
tion (4.7)]). □ 
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